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Abstract
We study an upwind 4nite di$erence scheme for detonation waves. Convergences to weak and strong
solutions are discussed with some extra hypothesis. A numerical example shows that beyond these hypothesis,
the situation could be more complicated and interesting.
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1. Introduction
In this paper, we are interested in detonation waves, which travel at a high speed, about 2 km=s,
“the most rapid self-sustaining combustion waves observed in nature” [3]. The time scale of chemical
reaction is much smaller than that of the Auid dynamical. The process can be described by the reactive
Euler equations:
9
9t +∇ · (v) = 0;
9(v)
9t +∇ · (v⊗ v+ pI) = 0;
9(e)
9t +∇ · (ev+ pv) = 0;
9(z)
9t +∇ · (zv) =−
(p; ; z);
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where ; v; e; z and 
 represent the density, the velocity, the total energy, the fraction of unburnt gas
and the chemical reaction rate, respectively.
As an example, 
 is expressed as 
 = Dae(1=T∗−1=T )z in the case of Arrhenius reaction, where
Da is the DamkJohler number, T is the temperature, T∗ is the ignition temperature and  is the
non-dimensional activation energy. In real applications, the parameters satisfy Da1 and 1, thus
the source term is sti$.
Naturally operator splitting method is used by most authors to deal with di$erent scales, which
could be summarized as follows:
System:
9U
9t +∇ · f(U ) = 
(U ):
Step 1:
9U
9t +∇ · f(U ) = 0:
Step 2:
9U
9t = 
(U ):
In [4], Colella et al. studied Euler’s equations and Majda’s model (to be introduced in the next
section). In particular, for Majda’s model, they proved that, if one needs to obtain a strong detonation
wave, the ignition temperature should be larger than the burnt temperature behind a weak detonation
wave traveling at the same speed. In [9], Pember obtained the same criterion for the Euler equations.
Ben-Artzi proved in [2] the same criterion for the generalized Riemann problem.
In [7], LeVeque and Yee studied numerical method for the following scalar equation:
9u
9t + a
9u
9x = u(u− 1)
(
u− 1
2
)
where 1 with the initial condition u(x; 0) = 0 if x¡ 0 and u(x; 0) = 1 if x¿ 0. The solution is
given by u(x; t) = 0 if x¡at and u(x; t) = 1 if x¿ at. In [6], GriPths, Stuart and Yee studied this
scalar equation with more general initial data. They observed the same phenomena.
For some cases, for example, loads on walls due to large scale explosions, one is not interested
in the details of the detonation structures. Methods have been developed to capture correctly the
large scale detonation with underresolved grids and avoid the spurious solutions. In [5], Engquist
and Sjogreen has developed the temperature extrapolation method. In [1], Bao and Jin used the
random projection method, i.e. the ignition temperature T∗ is a random number. Strong detonation
wave solutions to the Euler equations were obtained and the convergence was proved for the scalar
equation.
In [3], Berkenbosch et al. proved that for Majda’s model, if the approximate solutions tend to
piecewise constants weak detonation waves, then the ignition temperature should be small enough
(say, smaller than ul∗ − q). In [10] we give some suPcient conditions and prove convergence
rigorously (see also Section 3).
The aim of this paper is to study the operator splitting method for the Majda’s model theoretically
and numerically. We will recall the results by Majda [8] and some convergence results in [10]. Since
the conditions for strong detonation waves and weak detonation waves in [10] are suPcient only, we
study numerically the cases that the suPcient conditions can not cover. Using numerical approaches,
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we 4nd the critical values of the ignition temperature to generate strong or weak detonation waves.
Mathematical analysis of these phenomena will be the subject of our study in the future.
2. Majda’s model
Let us recall the following Majda’s model (see [8]) for combustion:
9(u+ qz)
9t +
9f(u)
9x = 0; (1)
9z
9t =−K
(u)z; (2)
where u is a lumped variable, representing density, velocity or temperature, z ∈ [0; 1] is a variable
representing the fraction of unburnt gas, and q¿ 0; K1 are constants representing the binding
energy and the rate of chemical reaction, respectively. We require also f′¿ 0 and f′′¿ a0¿ 0.
The function 
 is given by 
(u) = 0 for u¡Ui and 
(u) = 1 for u¿Ui, where the constant Ui is
the ignition temperature.
Applying the operator splitting scheme, we have two steps:
Step 1:
9u
9t +
9f(u)
9x = 0;
9z
9t = 0;
Step 2:
9(u+ qz)
9t = 0;
9z
9t =−K
(u)z:
In fact ordinary di$erential equations for z are solved in the second step. When K1, essentially it
is a projection:
zn+1 =
{
0; if u¿Ui;
zn; if u¡Ui:
(3)
We assume the following initial conditions
u|t=0 = u0(x); z|t=0 = z0(x); (4)
for the systems (1) and (2).
Associated with (2), letting K → +∞ formally, then one gets the initial value problem
9(u+ qz)
9t +
9f(u)
9x = 0;
9z
9t 6 0;
z(x; t) =
{
0; if sup06 6t u(x;  )¿Ui;
z0(x); if sup06 6t u(x;  )¿Ui;
u|t=0 = u0(x); z|t=0 = z0(x):
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One special case for the problem above is the Riemann problem, where the initial condition is
u|t=0 =
{
ul; if x¡ 0;
ur; if x¿ 0;
; z|t=0 =
{
0; if x¡ 0;
1; if x¿ 0;
with ur ¡Ui6 ul.
The solution to the Riemann problem is not unique. The strong detonation wave solution is given
by
u(x; t) =
{
ul; if x¡ st;
ur; if x¿ st;
; z(x; t) =
{
0; if x¡ st;
1; if x¿ st;
where the constant speed s of the combustion traveling waves should satisfy the Rankine-Hugoniot
condition: s= f(ul)− f(ur)=ul − (ur + q).
The weak detonation wave solutions are given by
u(x; t) =


ul; if x¡ s1t;
um; if s1t ¡ x¡s2t;
ur; if x¿ s2t;
z(x; t) =
{
0; if x¡ s2t;
1; if x¿ s2t;
where ul∗ ¿um¿ur + q and
s1 =
f(ul)− f(um)
ul − um ; s2 =
f(um)− f(ur)
um − (ur + q) :
Since the solutions are not unique, di$erent parameters in the numerical scheme lead to di$erent
solutions. It is thus interesting to give some conditions to guarantee the convergence to weak (or
strong) detonation wave solutions. This is discussed in the next section.
3. Dierence scheme and convergence
As done in [10], we consider the following upwind 4nite di$erence scheme for the Riemann
problem:
Step 1:
u˜nj − unj
Ut
+
f(unj )− f(unj−1)
Ux
= 0;
Step 2: zn+1j =
{
0; if u˜nj¿U
n
i ;
znj ; if u˜
n
j ¡U
n
i ;
Step 3: un+1j = u˜
n
j − q(zn+1j − znj );
where unj=u(jUx; nUt); z
n
j=z(jUx; nUt);Ux;Ut are step sizes, u˜
n
j is an intermediate variable, and U
n
i
is the numerical ignition temperature, which could be a constant Ui or a random number depending
on n. To simplify the demonstration, we consider only the constant temperature Ui case. It is easy
to see that the scheme is conservative.
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The following maximum norm estimate, though easy to prove, plays a key role in our analysis in
[10].
Lemma 3.1. If
Ut
Ux
6
q
max[ur ;ul+2q] f′ · (ul + 2q− ur)
; (5)
then we have
znj ∈ [0; 1]; unj ∈ [ur; ul + 2q]:
We extend unj by constant on (jUx; (j + 1)Ux] × (nUt; (n + 1)Ut], denoted by uUx. Then using
the lemma above, we can prove the following convergence of uUx to weak solutions.
Theorem 3.2. Under the CFL condition (5), as Ux;Ut → 0. Then there exists a subsequence of
uUx converging in L1 to a weak solution of the Riemann problem.
To prove the convergence to the strong detonation wave solution, we need stronger conditions. For
a given admissible speed s, there are two values of ul satisfying the Rankine–Hugoniot condition.
Let them be u∗l and ul∗ , with u
∗
l ¿ul∗ .
Theorem 3.3. If Ux;Ut satisfy the CFL condition (5) and if Ui ∈ [ul∗−q; u∗l ), then as Ux;Ut → 0,
the approximate solution uUx; zUx converges in L1 to the strong detonation wave solution of the
Riemann problem.
To obtain a weak detonation wave, we de4ne a constant f∗ satisfying
f′(u∗l )¿f
∗¿
f(ul∗)− f(ur)
ul∗ − ur − q
=
f(u∗l )− f(ur)
u∗l − ur − q
=
f(u∗l )− f(ul∗)
u∗l − ul∗
:
Theorem 3.4. We assume that
Ut
Ux
6
1
max
(
f′(u∗l );
f(u∗l )− f(ul∗ − q)
u∗l − ul∗
) ; (6)
and ur ¡Ui6 ur+qf′(ur)=2f∗. Let Ux and Ut → 0, then there is a subsequence of uUx converging
in L1, such that a weak detonation wave $ : x = l(t); l(0) = 0; l′¿ 0 exists.
Some other results for random Ui are also given in [10]. We note that the condition ur ¡Ui6 ur +
qf′(ur)=2f∗ is stronger than the condition Ui ¡ul∗ − q, so the theorems do not cover the case of
ur + qf′(ur)=2f∗¡Ui ¡ul∗ − q. We will give some numerical results in the next section.
190 L.-a. Ying, X.-t. Zhang / Journal of Computational and Applied Mathematics 159 (2003) 185–193
To end this section, we would like to compare our results with those proved by Majda in [8],
where the following equation is considered
9(u+ qz)
9t +
9f(u)
9x = %
92u
9x2 : (7)
Using our notations, we recall the results for (7) 4rst. Given u∗l and ul∗ , let s = (f(u
∗
l )− f(ul∗))=
(u∗l − ul∗) and de4ne qˆ by (f(ul∗)−f(Ui))=(ul∗ −Ui − qˆ) = s. It is proved that there is a constant
qCR such that, if q = qCR, there is a weak detonation traveling wave, that, if q¿qCR, there is a
strong detonation traveling wave. Furthermore, the constant qCR can be estimated as the following:
qˆ+
K0(ul∗ − Ui)
s2C
¡qCR¡ qˆ+
K0(ul∗ − Ui)
s2
+
2(K0(ul∗ − Ui)qˆ)1=2
s
; (8)
where K0 = %K .
In our case % ≈ f′Ux; K = 1=Ut, so K0 ≈ f′(Ux=Ut). Let Ui = ul∗ − q, then q= qCR. Using the
de4nition of qˆ, we deduce that
qCR = qˆ+
f′(ul∗ − Ui)
s
:
By the CFL condition Ux=Ut= c0s; c0¿ 1, so f′ ≈ K0Ut=Ux=K0=c0s, from which we deduce that
qCR ≈ qˆ+ K0(ul∗ − Ui)
c0s2
; (9)
which coincides with the main part of (8).
4. Numerical examples
Let u; z be two functions which satisfy
9(u+ qz)
9t +
9
9x
(
u2
2
)
= 0;
9z
9t =−K
(u)z;
with ul =4; ur =1 and q=0:5. This section is devoted to study the numerical examples above. The
Courant number c is de4ned as ulUt=Ux. Figs. 1 and 2 are the results of our upwind scheme. The
solid line represents the exact solution and the dotted line represents the numerical solution.
By Theorem 3.3, when the ignition temperature Ui is greater than ul∗ − q and (5) holds, then we
obtain a strong detonation wave. By Theorem 3.4, when the ignition temperature Ui is not greater
than ur+qf′(ur)=2f∗ and (6) holds, then we obtain a weak detonation wave. As we have remarked,
ur+qf′(ur)=2f∗ is smaller than ul∗−q. What would happen if the ignition temperature Ui is between
the two? Here occurs a very interesting phenomena, which would be explained somewhere else.
Fig. 3 is the numerical result.
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Fig. 1. Ui = 3:8 and c = 0:4, 20 steps and 2000 steps.
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Fig. 2. Ui = 1:1 and c = 0:4, 20 steps and 2000 steps.
The numerical results show that there are two kinds of limit solutions depending only on Ui. As a
result, there exists a critical value of Ui, lying between ur +qf′(ur)=2f∗ and ul∗ −q. The numerical
results also show that the critical value depends “irregularly” on the Courant number c. Note that the
CFL condition (cf. inequalities (5) in Lemma 3.1 and (6) in Theorem 3.4) in this paper is stronger
than the usual CFL condition. For the cases not satisfying the stronger CFL condition, we have also
done numerical simulations, which give that in some cases the approximate solution still converges
to the detonation wave solution but in other cases the approximate solution does not converge. For
example, if c = 1, then the approximate solutions will blow up if Ui ¿ 3:80944 (Fig. 4).
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Fig. 3. c − Ui graph.
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Fig. 4. c = 1; Ui = 3:80944.
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